Abstract-Virtual Inertia Emulation (VIE) and traditional Active Power Droop Control (APDC) are among the most common approaches for regulating the active power output of inverter-based generators. Furthermore, it has been shown that, under certain conditions, these two methods can be equivalent. However, neither those studies, nor the analyses comparing the two control schemes with respect to their dynamical properties, have investigated the impact of the converter operation mode. This paper explores the subject by investigating the two control approaches under such conditions, and determining when this assumption does not hold. Using time-domain simulations with a detailed Voltage Source Converter model, we compare VIE and APDC qualitatively and reformulate the respective conditions for equivalence.
I. INTRODUCTION
The penetration of Renewable Energy Sources (RESs) in present power systems is reaching an all-time high. As this type of generation is mostly interfaced to the grid via Voltage Source Converters (VSCs), an increasing fraction of the power supplied by large transmission grids originates from Power Electronic (PE) interfaced devices. Due to their significantly different physical properties when compared to traditional synchronous generator-based grids, it is necessary to develop appropriate control schemes for such systems. As part of a VSC control architecture, the Active Power Controller (APC) is used to adjust the frequency of the VSC output voltage, such that the active power injected by the converter meets a provided setpoint.
Two of the most common APC designs in the power systems community are Active Power Droop Control (APDC) and Virtual Inertia Emulation (VIE). APDC implements a linear relationship between frequency and active power balance, similar to the speed droop used in regulating synchronous machine governors [1] . Recent research on VSC control primarily focused on microgrid operation, with concepts such as the reverse or opposite droop [2] , virtual impedance [3] This project has received funding from the European Union's Horizon 2020 research and innovation programme under grant agreement No 691800. This paper reflects only the authors' views and the European Commission is not responsible for any use that may be made of the information it contains. and adaptive droop [4] , in order to resolve the challenges of resistive low-voltage lines and potential power coupling.
Similar to APDC, VIE is also inspired by traditional power systems, and aims to reproduce the grid-friendly dynamical properties of Synchronous Machines (SMs) in VSCs [5] - [9] . While different approaches exist in the literature, essentially all of them rely on an internal mathematical model of an SM, which is used to determine the voltage or current reference signals for the converter. The internal model could be fully detailed, including the stator, damper and field windings, as well as the mechanical aspects of the machine, and supplying both voltage magnitude and frequency reference signals. An alternative approach would be to model only the rotational inertia by including the swing equation in the control scheme, thus using it to determine the frequency reference signal alone [6] .
Although conceptually different from the APDC, a VIE approach also incorporates a droop-like scheme, imposed on the frequency deviation from a predefined steady-state value. It has been shown in this context that the two approaches are mathematically equivalent under certain conditions [10] . The main condition for equivalence is that the frequency and active power setpoints of the controllers are time-invariant. However, this strongly depends on the system state, as well as the VSC mode of operation. The active power setpoint is usually determined via a higher-level control (AGC), and is manipulated during system operation in order to facilitate network stability. Additionally, the frequency setpoint might be constant or timevarying, depending on whether the VSC is operated as gridforming or grid-following. This classification can have various meanings, depending on the type of application and control perspective [11] - [13] .
In the context of the APC in an inverter-based transmission system, a grid-forming VSC is capable of establishing the grid frequency without the presence of an SM. On the other hand, a grid-following VSC measures the frequency and aligns its voltage accordingly, often using a synchronization unit such as a Phase-Locked Loop (PLL). Therefore, both setpoints might not be constant subject to how the VSC is operated, and it is reasonable to assume that APDC and VIE would result in different system dynamics. In [14] , the authors provide a detailed dynamic comparison of the two control schemes based on small-signal analysis, focusing on the effect of system 978-1-5386-3669-5/18/$31.00 c 2018 IEEE parameters on the small-signal model and the influence of time delays on the controller's performance. Similarly to [10] , the converter operation mode is not taken into account in the comparison.
The main distinction between the VIE approach compared to the standard APDC is the inclusion of rotational inertia. On the one hand, an attempt to reproduce the behaviour of an actual SM could lead to an unnecessarily large inertia constant, requiring an oversized energy storage which would increase the cost of the controller [15] . On the other hand, using a very small inertia constant reduces the total apparent inertia in the system and compromises its stability [16] . This problem is also addressed in our study.
The contribution of this study is two-fold. First, we revisit the mathematical equivalence between APDC and VIE, and present the distinctions from the perspective of converter operation mode using a state-of-the-art VSC model. Second, we show that by introducing a damping torque equivalent into the swing equation of VIE, the inertia constant can be decreased while preserving the system's stability.
The remainder of the paper is structured as follows. In Section II, a mathematical comparison of APDC and VIE control is presented. Section III describes the VSC model developed in this work. Section IV compares the transient response of the two controllers using time-domain simulations. Finally, Section V discusses the outlook of the study and concludes the paper.
II. APDC VS. VIE: A COMPARATIVE ANALYSIS

A. Active Power Droop Control
APDC is a well-established control scheme for regulating the active power output of parallel converters, replicating the traditional primary frequency control of an SM. By appropriately adjusting the individual droop factors, it enables VSCs to share the load in proportion to their power rating using only local measurements. In this work, we focus on an inverterbased transmission system, assuming a full decoupling of active power and frequency from reactive power and voltage, which leads to the standard droop characteristic
where ω * and p * are the frequency and active power setpoints, ω is the VSC output frequency,p is the filtered active power measurement, and D p is the droop slope.
Filtering of the power measurement is done via a first-order Low-Pass Filter (LPF)p
with the cutoff frequency ω c and measured power p. As the whole APDC is done in per-unit system, the computed frequency is multiplied with the base value ω b , and integrated in order to compute the respective phase angle θ. The resulting control scheme is shown in Fig. 1a . 
B. Virtual Inertia Emulation
An alternative control approach to reproducing the stabilizing effects of SMs is to virtually emulate the missing (in VSC generators) rotational inertia. Several different implementations of such a control architecture have been presented in the literature, defined as: synchronous VSC [9] , virtual SM [6] , virtual synchronous generator [7] , synchronous converter [8] and VISMA [5] . While these concepts differ in the level of detail of SM dynamics, as well as their role in VSC control scheme, they all incorporate an explicit formulation of the swing equation, described in the per-unit system as
with H and K d denoting the inertia and damping constants, respectively. In order to simplify the comparison with the traditional APDC, VIE is implemented in closed loop within the APC, as depicted in Fig. 1b . For similar reasons, no filtering of the active power measurements has been included.
C. Mathematical Equivalence
By analyzing the mathematical formulations of APDC in (1) and VIE in (3), we observe that both approaches use droop characteristics. While in the former case it is imposed onto the power mismatch between the setpoint and measurement, in the latter case, frequency deviation is used. As suggested
Inner control loop Outer control loop by previous studies [10] , [17] , the two APC architectures can be proven mathematically equivalent under certain steady-state conditions. This can be proven by including the LPF transfer function in (1) and comparing it with (3):
Assuming that ω ≈ 1 p.u. and σ ω = σ p = 0, the following relation between the parameters of (3) and (4) can be established:
enabling a computation of an equivalent VIE controller based on the parametrization of the analogous APDC, i.e. the LPF cutoff frequency and droop slope. Hence, several conditions for equivalence can be defined: (i) small frequency deviations around the nominal value; (ii) constant frequency setpoint input; and (iii) constant active power setpoint input. The fulfillment of these conditions is highly dependent on the VSC operation mode, as well as the power system itself, and will be investigated in detail throughout this study.
D. Converter Operation Mode
As previously described, from the perspective of the APC one can define two modes of operation, grid-forming and gridfollowing, which differ by the nature of frequency setpoint input ω * . While this variation is quite straightforward in the case of an APDC, it can have a more complex physical interpretation in the VIE scenario. Let us examine the swing equation, including the effects of the governor and the damping torque:
with D ω and K d denoting the respective droop and damping gains, and ω g the grid frequency. Note that the resulting equation is equivalent to introducing an explicit frequency droop term in (3). The droop term is nonzero whenever there is a mismatch between the scheduled generation and actual load demand, thus coordinating equal frequency control contribution across different units in the system. The damping term arises only during transients in generation or demand, and helps by reducing the oscillations and achieving synchronization with the grid faster. Depending on the converter operation mode, the VIE scheme includes only one of these two gains, i.e. D ω in grid-forming and K d in grid-following scenario, with the actual grid frequency ω g replaced with an estimated frequency coming from a PLL ω pll . This suggests that using both inputs (ω * and ω pll ) results in a control scheme that includes a droop characteristic for active power sharing, as well as a damping torque emulation which improves the overall system stability. Note that such APC, depicted in Fig. 1c , is always considered grid forming, as the damping term converges to zero in steady-state.
III. VSC CONTROL SCHEME
An overview of the VSC model under study is shown in Fig. 2 . It consists of an ideal DC voltage source, interfaced through a DC/AC converter, RLC filter and a transformer to the grid. The control scheme contains an outer loop which uses the voltage and current measurements to compute the reference voltage magnitude and frequency by means of active and reactive power controllers. These reference signals are then passed through cascaded voltage and current controllers, which form the inner control loop. The model also includes a grid synchronization unit that provides the frequency setpoint for the outer control loop, either as a constant value or a PLL measurement.
A. Reactive Power Controller
The Reactive Power Controller (RPC) adjusts the magnitude of the VSC output voltage to meet a provided reactive power setpoint. In this work, we assume that the RPC regulates the voltage around a constant setpoint v * via a droop-based controller described bȳ
wherev is the computed voltage reference, D q is the droop gain, and q * andq are the setpoint and filtered measurement of reactive power, respectively. A block diagram of the controller is presented in Fig. 3a .
B. Synchronization Unit
The synchronization unit provides an adequate frequency setpoint to the outer control loop. In the case of a grid-forming VSC this is just a constant reference, whereas a PLL is used for the purposes of a grid-following VSC. A Type-2 PLL operating in a Synchronous Reference Frame (SRF) has been implemented in this study, as described in [18] and shown in 
with θ = ωdt and θ pll = ω pll dt, as well as T c and T p denoting the Clarke and Park transformation matrices. Synchronization is achieved by initially aligning the d-axis of SRF with the voltage vector, hence diminishing the qcomponent. Reasonably assuming v m ≈ 1, this would equate to sin (θ − θ pll ) ≈ 0 in (8), i.e. θ ≈ θ pll . The PLL is implemented as a PI controller of the phase angle difference, treating it as an error signal and driving it to zero.
C. Inner Control Loop and Modulation
Once the desired voltage magnitude and frequency are determined by the outer control, the inner control regulates the VSC output, such that the voltage after the filter meets the reference signal. This is done using two cascaded loops, the first regulating the voltage and the second regulating the current. This sequential implementation enforces the saturation of the converter output current in a controllable manner [6] . A state-of-the-art SRF control scheme has been implemented in this study, as discussed in [13] . Following the inner control loop is a modulation block, which calculates the modulation index for the VSC switching by applying the inverse (dq)-transform and averaging over the DC-side voltage. 
IV. RESULTS
In this section, the proposed APCs are qualitatively compared under different operation modes, as well as different system conditions. The averaged converter model presented in the previous section was implemented in MATLAB Simulink with the use of SimPowerSystems toolbox for modeling the external components (network lines, loads, etc.). The nominal parameters of the VSC are as follows: AC voltage V n = 320 kV; DC voltage V dc = 640 kV; active power P n = 1 GW; power factor cos ϕ n = 0.95; frequency f n = 50 Hz; active power droop D p = 0.02 p.u. and reactive power droop D q = 0.001 p.u. Each of the aforementioned conditions for equivalence from Section II is individually investigated, with the main conclusions subsequently drawn.
A. Large Frequency Deviation
In order to study the sensitivity of the proposed equivalence to frequencies differing from ω = 1 p.u., a VSC is connected to a constant resistive load of P L = 500 MW. The gridforming operation mode is selected, i.e. the APC setpoints are kept constant, so that only the effect of frequency deviation is observed. This is simulated by increasing the load power in a step fashion 100 ms after the simulation start, as shown in Fig. 4 . The step change of ∆P L = 100 MW results in frequency deviation of ∆f ≈ 0.05 Hz, which does not have any impact on the equivalence between the two control schemes, since the responses are identical. This is expected since all setpoints remain constant and the maximal frequency deviation is smaller than 0.001 p.u., hence justifying all three aforementioned conditions for equivalence. A drastically higher load change of 450 MW leads to a proportionally higher deviation from nominal frequency of ∆f ≈ 0.4 Hz. Under such circumstances, a negligible deviation between the two APCs is observed, indicating that the frequency deviation does not impose any restrictions on the droop-VIE equivalence.
B. Change in Active Power Setpoint
This subsection addresses the assumption of a constant active power setpoint and its impact on the performance of the controllers. Since an islanded mode of operation prevents the VSC from following its active power setpoint, in this test case the converter is connected to a strong grid with a short circuit ratio of 20. Additionally, the VSC is operated as gridforming, to make sure only the active power setpoint derivative influences the response. A step increase of ∆P * = 0.1 p.u. is introduced 100 ms after the simulation start, and the behavior of VSC frequency and active power output is depicted in Fig. 5 . The droop controller exhibits a sharp rise in frequency, replicating the familiar fast transients of low inertia systems. This is expected as the LPF is only applied to the power measurement, directly translating the step in active power setpoint into a step in VSC frequency. On the contrary, VIE slows down the frequency dynamics due to an explicit inertia emulation term. Furthermore, the active power output is also improved, with higher damping and a decrease in overshoot of roughly 50 %. It can be concluded that VIE outperforms traditional droop control in case of a time-variant active power setpoint, and the suggested equivalence does not stand.
C. Change in Frequency Setpoint
The aim of this case study is to analyze the effect of a time-varying frequency setpoint on the performance of droop and VIE controllers. Therefore, it implies operating the VSC in a grid-following mode, with the reference coming from a PLL measurement. Since such configuration has no standalone capabilities, the converter is again connected to a strong grid, and the active power setpoint is kept constant. We observe a transient response to a step increase of ∆f = 20 mHz in grid frequency occurring 100 ms after the simulation start, shown in Fig. 6 . Due to the inherent PLL dynamics, a step in grid frequency is not directly transferred to the APC, but rather as a gradual increase in estimated frequency. Hence, the difference between the two control schemes is not as significant as in the previous test case. The VSC power output exhibits similar performance, whereas the frequency response of a VIE has slightly lower overshoot and better damping.
D. Reduction of Virtual Inertia Requirement
The study in Section IV-B has shown the biggest improvements of VIE compared to the droop. Since it was operated in a grid-forming mode, the control scheme only incorporated a frequency droop term from (6) . In order to reduce the level of required virtual inertia, we investigate in this subsection the potential of simultaneously introducing the damping torque, similar to a VIE controller depicted in Fig. 1c and suggested in Section II-D. First, a VIE controller with the inertia constant reduced to a third of its original value is used, denoted with VIE * , and the active power setpoint change is simulated. This results in an undamped system, with increased active power and frequency excursions, as shown in Fig. 7 . The results of this simulation are overlaid on top of the results presented in Section IV-B. To mitigate the destabilizing effects of reduced inertia, a damping term is now incorporated in a grid-forming VIE model, which is equivalent to damping constant K d in (6) . The results of this simulation are denoted VIE * d . It can be seen that in addition to restoring system stability, this improved controller outperforms the original VIE architecture with a larger inertia constant in terms of overshoot, while providing comparable damping characteristics. Also note that reducing the inertia constant, with or without an additional damping term, yields a smaller overshoot in both frequency and power output responses than for the droop APC.
V. CONCLUSION
In this paper, a qualitative comparison of APDC and VIE was presented. The mathematical equivalence of the two approaches was readdressed to highlight the effects of the respective converter operation mode. A physical interpretation of grid-forming and grid-following concepts was introduced, from the perspective of the APC. Subsequently, a detailed model of VSC was described including the outer and inner loops, as well as the synchronization unit. Finally, using timedomain simulations, APDC and VIE were compared in different scenarios and the distinctions in dynamic response were elaborated. We have shown that VIE offers overall lower overshoot and better damping compared to the droop controller, while providing slower frequency transients. Furthermore, it has been proven that the inclusion of the damping torque in the emulated SM model enables a significant decrease of the required inertia constant, while offering comparable stability performance.
